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Summary: We describe adsorption of neutral flexible polymer chains onto small
colloids that can be covered by one chain. We discuss the structure of star-shaped
complexes and their abundance in dilute solution. In semi-dilute solution similar
complexes form crosslinks between chains and cause gelation.
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Introduction

Mixing colloids and polymers is a common process in the preparation of complex materials'.
Many shearthining fluids in paints and food industry are essentially such mixtures, at or out of
equilibrium. Long polymers are also sometimes used to promote protein crystallisation from
solution’.

Adding polymers to a colloid solution is a versatile way of controlling the stability of the
suspension, as has been shown by extensive fundamental experimental research. There are to main

classes of systems depending on the sign of polymer/colloid interaction.

In the case of repulsive polymer/colloid interaction the polymers induce an effective so-called
depletion interaction between the colloids. Early studies describe large colloids as compared to the
polymer size (or polymer correlation length in solution). In the fifties Osawa® presented a theory
for the depletion interaction in mixtures of small and large colloids, later this was extended to
colloid/polymer mixtures with proper account of the polymer structure by Joanny et al.* Since
the phase diagram of this system was considered more closely merely by the liquid state

theorists’. Many experimental data were also produced, among others in the group of Poon and
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Pusey (Edinburgh)®. The equilibrium properties of repulsive systems with large colloids seem

rather well understood. Recent work also explains some rather generic non-equilibrium properties.

The opposite limit of small colloids was first addressed in a seminal paper by de Gennes’, who
recognised that the interactions are weak, as it is easy to incorporate a small colloid in a polymer
coil. Recently the colloid/polymer and colloid/colloid interactions were carefully analysed in a
field theoretical approach by Eisenriegler and co-workers®. They stress that colloid/colloid
interactions induced by the polymer are long ranged and saturate at contact, they further show
that the variations of the colloid/colloid virial coefficient are non-monotonic with polymer
concentration’. Recent work by Sear'® and by Fuchs'"'?, the later using integral equation
methods, describe the phase diagram of such mixtures in Mean-Field, Erukhimovich is currently
developing a field theoretical description with some of the present authors and it seems that we

are close to a widely accepted description.

Systematic experimental studies of the adsorbing case were undertaken twenty years ago by
Cabane'®.The understanding of polymer adsorption on flat surfaces was initiated earlier by
Silberberg'* and de Gennes'®. An early model by Alexander'® applies these ideas to the case of
large spheres. A systematic description of curvature effects for adsorption on a single sphere is
proposed by Birshtein and Borisov'” for ideal chains and Marques and Joanny'® for excluded

19 stressed

volume chains, the latter also address surface fractality. Subsequently Aubouy et al
that a sphere of radius R small enough to be covered by less than one chain of contour length N
will carry two long polymer tails, with a size of order N. Following this idea a small sphere
satisfies R“'<N. Recently Semenov? proposed a more detailed model for the adsorption on a
flat surface rationalising the numerical findings by the Dutch group®' that the adsorption layer
decomposes into an inner sublayer dominated by loops and an outer one dominated by tails. He
finds a crossover distance : z* = N¢!, As in earlier work the overall layer thickness (cut off

length for tails) is essentially fixed by the bulk chemical potential. The small sphere criterion by

Aubouy thus corresponds to a radius where loops start feeling curvature.
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Here we focus on the case of such small adsorbing colloids?*: One chain adsorbed on a colloid has
two large tails with a size fixed by the overall contour length N. In the presence of many chains a
small colloid may nonetheless carry two or more chains giving rise to a star-shaped complex. We
calculate the abundance of such complexes in dilute solution. In semi-dilute solution similar
polymer crosses form on a colloid, these act as effective crosslinks that percolate on the gelation

line.

Formation of colloid/polymer complexes

Adsorption on a flat wall

The standard model for the adsorption of a long neutral chain onto a flat wall was proposed
twenty years ago by de Gennes. It starts from the remark that the local polymer/polymer
correlations in the adsorption layer should be the same as in a homogeneous solution at the local
concentration c(z), with z the distance from the wall. The local correlation length® in the layer is

D with v the swelling (Flory) exponent and d the dimension of space.

then givenby £=c¢
Inside the adsorption layer of thickness A the only characteristic lengthscale is the distance to the
wall, the local correlation length £(z) is thus proportional to z. Hence the celebrated power law

profile:

-(vd-1)
c(z)e<z Vv

where the exponent is approximately —4/3.The fast decay of this profile indicates that the
adsorbance I is dominated in the strong adsorption limit, this approach does not need to discuss
the detailed structure of the layer in terms of loops and tails as done by the Dutch group. It is
nontheless possible to deduce the loop distribution under the assumption that loop-monomers
dominate over tail-monomers. Each loop of size larger than n feels up a correlation volume of
radius z at heights up to n”. The loop-size distribution D(n) can thus be rewritten in terms of

the correlation disk-density at height z :
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The loop-size distribution obtains by differentiation: D(n)=n"""". The loop-size distribution
is used as a measure of the loop partition function Z,. The tail partition Z, function is linked to
the loop partition by considering that a loop of size n can be build by connecting two tails of
size n /2 initially within reach of each other :

v(d-1)

Z, =7 r

nvd

the second factor stands for loosing two free chain ends, the last one is a geometric factor
specifying that the tails are within reach (here we make no difference between n and n/2 as the
prefactor remains unknown). This relation is rather general and does not imply loop-monomer

dominance. Assuming loop-monomer dominance, Z, is known and Z, can be deduced :

—v(d—2)+y_
Z,=n *

1

This partition function in turn determines the chain end distribution: ¢, < z7#" where B is the
order parameter exponent linked to the previous critical exponents by the general relation:
2B=vd-y.

The tail-monomer concentration can in turn be calculated from the tail partition function; due to
the slow decay of the tail partition function integral is actually dominated by the upper bound.
About 2I'/N ends are located beyond any distance z from the wall,, any of this tails fills a

correlation volume at any distance, hence the tail monomer profile c,(z) is given by :

—-1
c ()= N b4

Comparing the tail-monomer profile to the loop-monomer profile show that the loop-monomer

1
dominance assumption fails for z=z*= N4,

At larger distances, tail-monomers dominate over loop-monomers and build up de Gennes power
law profile. Each correlation volume is then filled by one tail starting further from the wall, this

sets the end point concentration to ¢,(z)=z . Reverting the arguments in the loop-monomer
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dominance regime it is now possible to get the tail partition function, loop partition function and

loop-monomer profile.

¥ +vd y+vd y+vd  Qvd+1-y
Z‘ = N d-by~1-vid-h ZI = NVd-Dy~l-r-vQ2d-1) C,(Z)= NV v

Note the strong power law decrease of the loop-monomer concentration beyond z *, with an

exponent close to —6 for 3-D excluded volume statistics.

Loops

Fig. 1 Structure of the adsorbed layer in terms of loops and tails. z* is the crossover distance from the
wall and A is the thickness of the adsorbed layer

Adsorption Regimes

To put the small spheres in some general context, we first briefly discuss the various adsorption

regimes encountered when the sphere radius is decreased 2,

op

@ ®)

Fig. 2. Adsorption of polymers onto colloidal particles: large sphere (case a) small sphere (case b).
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As long as the radius remains larger than the layer thickness the system stays in the flat regime.
For somewhat smaller spheres, the layer is cut by the curvature in the sense that only a few chain
sections dangle beyond a distance 2R from the colloid centre, this is best seen from de Gennes’
self-similar construction. Shorter tails (and loops) still do not feel the curvature and can be
described by the flat layer arguments. At even smaller colloid radii, R<z*, the loops in turn feel
the curvature. As argued previously the colloid is then covered by one chain with two long tails of

size of order N where monomers in excess are stored.

Polymer/colloid star-shaped complexes

Depending on the stoechiometry of the polymer/colloid mixture, different complexes are
expected.

If colloids are in excess, one chain wraps several colloids building a necklace. Though the single
chain state is the preferred one if polymer is in excess, some colloids will accommodate a small
number of chains building star-shaped complexes. In the following we will mainly comment on
star-shaped complexes (a generalisation to necklace arms in the case of colloid excess is rather

straightforward).

The abundance of those complexes is fixed by a balance between extra interactions of the branches
and some entropy gain. At large scale a star-shaped complex has the properties of a star-polymer
with polydispersed arms. Duplantier” gave a general expression for the partition of a polymer of
any topology. This expression generalises the one for linear chains
Z,=N".

The new susceptibility exponent y,, for an arbitrary connected graph G is constructed from vertex
exponents, entering the star description, and depends on the number of independent closed loops.
For symmetric star-polymers with all p arms identical, the expression reduces to Z=N""". The
exponent Y, is the same for p=1 and p=2 (these both values of p describe a linear chain), it
goes through a (formal) maximum between p=1 and p=2 and decreases as a power-law at high

d/(d-1)

p in accordance with the Daoud and Coton blob model y, < ~p where d is the dimension of
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space. The exponents ¥y, are exactly known in 2-D, in 3-D only a low order e-expansion is
known.
For a star with polydispersed arms all of different size ranging from the smallest N, to the largest

N, the partition function can be constructed step by step: Let first all p arms have the smallest

size N, the partition Z is N,“_l, let now grow all chains but one to the next size N, , Z becomes
NN/~ /N7, in the next step, all outer chains but one grow to the next size N, and so on.
As aresult:

NN T e L Ony 7171
Zp =N, N, Np,l Np

Let us first consider the simpler case where only one chain wraps the colloid. Only n, = 4aTR®
monomers go into small loops covering the surface of the colloid the energy gain upon adsorption
of the small loops is £, = 47g*in thermal energy units, in case of strong adsorption. These small
loops are almost of monomeric size and the small-loop layer ressembles a 2-D melt, the partition

-1

fuction of the small loop strand is described by »,’~ with y, the susceptibility exponent for a

1v

2-D melt?®. For chains such that the two tails are only of length n,= R the partition function of

the two uncorrelated tails is the same as on a flat surface, of order n,"v‘z. All together the
partition function reads in this case Z, = R°n,”*"'n "¢ = Z, ™ where R stands for the choice
of the starting point of one tail on the colloid. On the other hand for a very long chain wraping the
colloid, the partition function of the complex scales with the chain size as for a free chain

Z,=N""". Imposing a smooth crossover between the two limits at N = n,, we get the partition

function of the one chain complex ;
Z,=Z, g1, (N /n,) e
When ¢ chains wrap around the small colloid, a 2g-star shaped complex obtains. Let us

characterise each chain by the smallest of its two arms ( the largest is essentially its complement

to N) and let again N, be the smallest of these p=2q arms ( all by definition smaller than N /2).
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The partition function of the complex can be obtained in a way similar to Z, as a result
Z,=n,"'Z,,'e"1,(q) where the small loop contribution is explicit and the first factor stands for
the ways to chose the lengths of the gadsorbed loop sequences (throughout gis assumed not to

be a large number). The last factor stands for the configuration integral of the large tails :

v AR AR 5, N Y297V 200 N—N 7yt
oo TS

The value of I(q) strongly depends on whether the integrals are dominated by the lower

boundary.

After the general shape of the y,(p) plot, the slope y p/( p) becomes very negative at high p,
there is a value p * of p where y -1~ ¥ ,becomes smaller than —1.

Let us first suppose that there are not many chains so that 2g<p’ in that case the lower
boundary can be shifted to zero in all integrals and :

72q1
N .
I(q)xN“[;) (29<p)

The chains in the star-shaped aggregate adopt mainly symmetric configurations.
In the very opposite case g > p", where there are many chains in one aggregate, all integrals are

dominated by the lower boundary and:

Yol
N\ .
1(q) o= n,"(n—) (g>p)

The chains adopt dissymmetric configurations with only one long tail per chain (this would be
expected from Daoud and Coton blob model).
In the intermediate regime ¢ < p* <2g

N 7,lep’ =g
I(q)“n,“(n—] (g<p <2q)

There are essentially p* long tails. Note that the intermediate regime crosses over smoothly with

the previous ones.
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In the following we focus on small p-values corresponding to symmetric aggregates wich are more

aboundent.

Star-shaped complexes at equilibrium in dilute solution
At very small colloid densities p, and in dilute polymer solutions, each chain complexes at most

one particle. One colloid can adsorb more than one chain, let p, be the density of colloids bound

to g chains. The complex densities p, are given by the mass action law:

Jo = Z_q(ij”
Pqa" o 7 4\ N
0
with ¢ the monomer concentration. When F, is large there are almost no free colloids and most
particles are bound to a single chain p = p,. High-q agregates are rare and the only important
agregates are thos with two chains; their density is: :

=2y+1

— Y=Ya p7¥a
Py = pcnnZa,On{ N

Inserting approximate values of the critical exponents we get o, = pcR*’N 5.
At higher colloid densities one chain carries many colloids and forms a necklace agregate,
necklaces in turn form a small fraction of decorated star-shape complexes; these will not be

discussed here.

Fig.3 Star-shaped complex (q=2, p=4)
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Gelation in semi-dilute solution

Above the overlap concentration ¢” = N'™* of polymer coils, the polymer form a temporary
network of meshsize £ the correlation length of polymer concentration fluctuations or
concentratton blob size. Properties of such solutions of long, strongly overlapping chains are
essentially insensitive to the chain length,. This is in particular true for the density of colloids
linked to two blobs. To ensure a smooth crossover at ¢* the density p, in the semi-dilute should

2y —y,-1 .
——}/3 y“l . Where less than one colloid per
V_

be of the form p,=pn,Z,n/"c* with a=1+

correlation volume is assumed.

On the gelation line the number of crosslinks due to colloid complexation is of order one, this
locates the gelation line at:

Nn,Z.,

As we ignore prefactors throughout, our rough criterion for gelation is sufficient. Inserting critical

exponents we obtain: p, = ¢ **R>'N™". For long chains, there is indeed less than one colloid per

polymer mesh for strongly overlapping polymer solutions.

Concluding Remarks

In this short note we present scaling results for mixtures of polymers and small adsorbing
spheres. Special attention is payed to star-shaped complexes that form by adsorption of several
(typically two) chains on the same colloid in dilute polymer solution with polymer in large
excess. In our previous letter” we had no occasion to discuss the derivation of the partition
function in details. It is shown that partition function of complexes comprising only a few
adsorbed chains are dominated by configurations where chains have symmetric long tails. In
contrast if many long chains are forced on a colloid the partition function is dominated by
dissymmetric configuration where each chain only contributes one long tail in accordance with
results of the Daoud and Coton star-model. The cross over between different regimes can be

expressed in term of the vertex exponents introduced by Duplantier’. The abundance of
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complexes is calculated as a function of colloid radius, chain length and concentrations.

Semi-dilute solutions are described as a transient network of entangled chains by the standard
concentration-blob model. Here again one colloid has some probability to link to different chains.
The abundance of colloids bearing polymer crosses does not depend on chain length in the
strongly overlaping regime and is obtained here from a simple cross over argument (a different
argument is used in ref. 22). Beyond a critical average number of crosslinks per chain, the solution
undergoes a percolation transition and forms, in that sense, a gel. The transition is located at
vanishing colloid density for very long, strongly overlaping, chains. This validates a posteriori our
assumption that there is less than one colloid per polymer mesh. This assumption is relaxed in
ref22.

Our theory is restricted to scaling arguments, it seems difficult to describe the subtle correlations
between star-arms at low (finite) number of arms in more details. Also are more detailed Mean-
Field theories not well suited here, they are space-dimension independent an obscure the new

3

physics introduced by curvature( for example the criteria TR* =N and R=z =~N" are not
equivalent and a spurious regime opens).

From a practical point of view the assumption of flexible chains may not always hold at the level
of the colloid radius. The description of a single stiff macromolecule wrapping a colloid is
available?’ (also in the charged case®®). A description of complexes involving several chains should
be possible even in the case of semi-flexible chains at least at the scaling level. In addition to the
latex particles, silica colloids, or micelles used in previous experiments it should be possible to use

fullerenes or modified fullerenes as model colloids®>*.
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